1. INTRODUCTION I s Ecoxolrrc SURVEYS of households, many variables have the following characteristics: The variable has a lower, or upper, limit and takes on the limiting value for a substantial number of respondents. For the remaining respondents, the variable takes on a wide range of values above, or below, the limit.
The phenomenon is quite familiar to students of Engel curve relationships showing how household expenditures on various categories of goods vary with household income. For many categories-"luxuries"-zero expenditures are the rule a t low income levels. A single straight line cannot, therefore, represent the Engel curve for both low and high incomes. If individual households were identical, except for income level, the Engel curve would be a broken line like OAB in Figure 1 . But if the critical income level OA were not the same for all households, the average Engel curve for groups of households would look like the curve OB. A similar kind of effect occurs under rationing of a consumers' good. The ration is an upper limit; many consumers choose to take their full ration, but some prefer to buy less.2
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LIMITED DEPENDEXT VARIABLES
As a specific example, inany-indeed, most-households xvould report zero expenditures on automobiles or major household durable goods during any given year. Among those households who made any such expenditure, there mould be wide variability in a n~o u n t .~ In other cases, the lower limit is not necessarily zero, nor is it the same for all households. Consider the net change in a household's holding of liquid assets during a year. This variable can be either positive or negative. But it cannot be smaller than the negative of the household's holdings of liquid assets at the beginning of the year; one cannot liquidate more assets than he owns.
Account should be taken of the concentration of observations a t the limiting value when estimating statistically the relationship of a limited variable to other variables and in testing hypotheses about the relationship. An explanatory variable in such a relationship may be expected to influence both the probability of limit responses and the size of non-limit responses. If only the probability of limit and non-limit responses, without regard for the value of non-limit responses were to be explained, probit analysis provides a suitable statistical model. (See [2] .) But it is inefficient to throw a\r7ay information on the value of the dependent variable when it is available. If only the value of the variable were to be explained, if there were no concentration of observations at a limit, multiple regression would be an appropriate statistical technique. But when there is such concentration, the assumptions of the multiple regression model are not realized. According to that model, it should be possible to have values of the explanatory variables for which the expected value of the dependent variable is its limiting value; and from this expected value, as from other expected values, it should be possible to have negative as well as positive deviations.
A hybrid of probit analysis and multiple regression seems to be called for, and it is the purpose of this paper to present such a model.
THE MODEL
Let FV be a limited dependent variable, with a lower limit of L. The limit may not be the same for all households in the population. Let Y be a linear combina- tion of the independent variables ( X I,X2 , . . . ,X,), to which W is by hypothesis related.
(1)
Households differ from each other in their behavior regarding W for reasons for xx~hich differences in the independent variables X and the lower limit L do not fully account. Those other differences are taken to be random and to be reflected in e, a random variable with mean zero and standard deviation CT, distributed normally over the population of households. Ilousehold behavior is then assumed to be as follo~~s:
Let P ( x ) represent the value of the cumulative unit-normal distribution function at x ; let Q ( x ) = 1 -P ( x ) ;let Z ( x ) be t'he value of the unit-normal probability density function at x. The distribution of I+' -I; may be derived from the distribution of E, as follows:
For given values of the linear combination Y and the limit L , Consequently, the cumulative distribution function for W ,for given Y and L , is:
The corresponding probability density function is:
CT
The expected value of W for given values of Y and L is:
we have:
T H E MAXIMUM LIKELIHOOD SOLUTION
A sample includes q observations where W is at the limit L. Each observation consists of a limit L{ , to which the dependent variable W: is equal, and a set of values of the independent variables (x:; , x;;, . . . ,x;;), where i is a subscript to denote the observation and runs from 1to q. A sample also includes r observations for which W is above the limit L;4 each one may be described as (TYj, L j , X l j , X z j , . . . , X m j ) where jrunsfrom 1t o r .
Let (ao , al ,a2 , . . . ,a, , a) be estimates of (Po/u, PI/u, Pz/u, . . , Pm/a, l/u). 
+:(ai0' + Aao, . . . , a, + Aa,, a?$ + Aa,+l) = +:(aiO', a!'), . . , am , awl)
The process may be repeated with the new estimates as provisional estimates until the Aa are negligible. If the final estimates ak are used to evaluate the matrix of second derivatives (11) at the point of maximum likelihood, the negative inverse of that matrix gives large-sample estimates of the variances and covariances of the estimates ak around the corresponding population parameters.
TESTS O F HYPOTHESES
Hypotheses about the relationship of W to one or more of the independent variables X may be tested by the likelihood-ratio method. Consider for example, the hypothesis that PI = Pz = . . . = 0, = 0. This is the hypothesis that neither the probability nor the size of nonzero responses depends on the X's. According to the hypothesis, there remain only two parameters, Poand u, to be estimated so LIMITED DEPESDEST VARIABLES as to maximize (9), which now becomes:
The maximizing values of a0 and a may be found by solving equations (10) similarly simplified by putting all other ak equal to zero. If (13) is evaluated with these solutions, then the logarithm of the likelihood ratio X is the difference between (13) and the value of (9) when it is maximized without the constraint of the hypothesis. The statistic -2 In X is for large samples approximately distributed by chi-square with m degrees of freedom. I n similar fashion other hypotheses about subsets of the 0's may be tested.
. INITIAL TRIAL ESTIMSTES
The speed of convergence of iteration by Newton's method depends, of course, on the choice of the initial trial estimates. The following procedure for finding initial estimates relies on a linear approximation of the function -Z(x)/Q(x) or, in other words, on a quadratic approximation of In Q(x). This approximation converts the first m + 1equations of (10) Figure 2 . Clearly it is not possible to approximate it linearly at all closely throughout its range. The important thing is to have a good approximation in the range where the sample observations are concentrated. There is no point in approximating well at x = 4 or x = 5 if the sample did not include constellations of the independent variables that made the probability of limit observations virtually nil. An easily computed estimate of the middle of the relevant range is x, , the unit-normal deviate such that &(so) = q/(q + r ) , the proportion of cases in the sample for which the variable W takes on its limit-value. The tangent at x, is one possible approximation, but not the best one, since it uniformly overestimates A,i, except a t soitself.
Suppose that a linear approximation is fitted graphically:
A,i,(x) = A + Bx.
Sub~t~ituting + 1 equations of (10)gives (14)in the first m Solving (15) gives numbers gk and hk such that:
The final equation of (10) is, after using the approximation of (14):
, it becomes a quadratic equation in a. The solution of (17) may then be used in (16) to obtain initial trial estimates of all the coefficients. The data refer to 735 primary nonfarm spending units6 who were interviewed twice, once in early 1952 and once in early 1953. The frequencies, averages, and other statistics for the reinterview sample should not be taken as representative of the population of the United States. The Surveys of Consumer Finances do collect data on distributions of income, liquid assets, and durable goods purchases that are representative of that population; tables on these distributions may be found in [I] . But the reinterview sample, on which the calculations of this paper are based, fails t o be representative insofar as it omits spending units who moved between the two surveys. Moreover, these calculations are based on simple counts of sampled spending units, without allowance for the fact that the sampling design gave some spending units greater probabilities of being included in the sample than others. The purpose of this example is not to estimate population frequency distributions, but only to examine the relationship of durable goods expenditure to age and liquid asset holdings within this sample. I t is not necessary t o consider here how the relationship exhibited in this sample differs from the one that would be exhibited in a complete enumeration. But it may well be that the sample gives unbiased estimates of the parameters of the relationship, even though it gives biased estimates of the separate frequency distribution of the variables.
The variables are as follows:
TV, the ratio of 1951-52 total durable goods expenditure to 1951-52 total disposable income. Durable goods expenditure is the two-year sum of outlays, net of trade-ins or sales, for cars and major household appliances and furniture. Two-year dis- Wf the 1036 spending units in the reinterview sample, these 735 have been the subject for calculat,iolls for other purposes and are therefore a convenient group to use in t,his analysis. Excluded are all spending units n-ho had one or more of the following characteristics: (a) farm; (b) secondary, i.e., not the owner or principal tenant of the dwelling; (c) total income for the two years 1951-52 zero or negative; (d) not ascertained as to age of head of spending unit, amount of expenditure on durable goods during 1951-52, or amount of liquid a~s e t holdings in early 1951. In addition, one extreme observation was excluded, where the spending unit has such a low po~it~ive two-year income t>hat the ratio of durable goods expenditure and, especially, liquid asset holdings to income were very high. In this example, the lower limit L is zero for all cases. Table I shom-s the basic data. Table I1 presents the estimates of the parameters obtained by the initial approximation and reports the successive iterations leading to the maximum likelihood estimates. Estimates are sho~vn also in Table 111 , on the assumption that there is no relation between W and liquid asset holdings Xz .
In the approximation used to obtain initial trial values, the function -Z ( 5 ) / Q ( x )was approximated by the tangent a t the point x, = .67, so that Q(x,) = .25, 
+.000470 +,0635
On assumption that p2 = 0: Estimates of the variances and covariances of the parameter estimates can be obtained from the negative of the inverse of the final matrix of second derivatives. These are shown in Table IV . The corresponding standard errors of the coefficients are given in the final rows of Tables I1 and 111 .
The size of the standard error of asindicates that the hypothesis that pz = 0, that there is no net relationship between expenditure and liquid asset holding, cannot be rejected. This hypothesis can also be tested, with the same conclusion, by the likelihood-ratio method. At the point of maximum likelihood, unrestricted by this hypothesis, +* in (9) has the value 722.5 -(552/2) In 2n. The final estimates in Table I11 correspond to the point of maximum likelihood restricted by the hypothesis that pz = 0. At this point +* has the value 721.8 -(552/2) In 2n. The statistic -2 In X is thus equal to 1.4, which is not a significant value of chi-square with one degree of freedom. A test of the hypothesis that neither age nor liquid asset holding has any effect on expenditure on durable goods may also be made by the likelihood-ratio method. Assume, in accordance with the hypothesis that PI = Pz = 0, that the values of a, and a that maximize (13) are found to be .4839 and 7.720. For these values, +* + 552/2 In 2a is equal to 692.7. Hence -2 In X is equal to 59.6, a significant chi-square for two degrees of freedom. The hypothesis must be rejected.
Thus this test, as well as the size of the estimated standard error of al , indicates a significant relationship of durable goods expenditure to age.
The relationship of W to XI and Xz, as estimated in Table 11 , is shown in Figure 3 , as the broken line ABC. The expected value of W implied by this relationship may be computed from (7) in the manner illustrated in Table V . These points are also shown in Figure 3 . For comparison, the least squares multiple regression of W on XI and X q has also been plotted. The estimated effect of liquid asset holding Xz has been illustrated by drawing two graphs relating W to X I , the first (Figure 3-a) on the assumption that Xz = 0 and the second (Figure 3-b) on the assumption that Xz = 2. Observed proportions buying and average values of W at various levels of XI ,TX-ithout regard to Xz, are shown in Table VI. The expected value locus, estimated by the method of this paper, is nonlinear. I t is always above the broken line ABC, asymptotic to A B at the left where the probability of not buying (TY = 0) approaches zero, and asymptotic to BC at the right where the probability of buying (W > 0) approaches zero. Multiple regression approximates this nonlinear locus with a linear relationship. As Figure  3 shows, the approximation is fairly close for the central range of values of the sample. But outside the central range there can be large discrepancies. There are indeed conceivable values of the independent variables for which multiple regression would give negative estimates of the expected value of W. I t is true that the absence of negative observations in the sample tends to keep the regression above the axis until extreme values of the independent variables are reached. But this protection is purchased at the cost of making the regression line so flat that expenditure is underestimated a t the opposite end. These discrepancies could be important in predicting expenditure for extreme cases or for aggregates which include extreme cases.
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